Introduction {#Sec1}
============

Quantum walks (DTQWs) are unitary quantum automata that can be viewed as formal generalizations of classical random walks. Following the seminal work of Feynman^[@CR1]^ and Aharonov^[@CR2]^ they were considered in a systematic way by Meyer^[@CR3]^. DTQWs have been realized experimentally with a wide range of physical objects and setups^[@CR4]--[@CR10]^, and are studied in a large variety of contexts, ranging from quantum optics^[@CR10]^ to quantum algorithmics^[@CR11],[@CR12]^, solid-state physics^[@CR13]--[@CR16]^ and biophysics^[@CR17],[@CR18]^. The aim of this Letter is to show on a simple example, through both literal and numerical computations, that QW dynamics can be mapped unto quantum fluid dynamics (QFD) and that QWs can thus be used to model and experimentally simulate quantum fluids. In particular, DTQWs are thus natural candidates for future laboratory simulation of matter wave interferences in quantum fluids, dispersive hydrodynamics^[@CR19]^ and extreme astrophysical plasmas (see e.g. §3.2.3 and §3.2.4 in^[@CR20]^).

We focus on a simple spatially homogeneous and time independent DTQW on the line whose continuous limit is identical to the free Dirac equation in flat 2D space-time. We then introduce a new relativistic generalization of the Madelung transform which maps this Dirac equation into a 2D dispersive hydrodynamics for relativistic quantum fluids. In the non relativistic limit, the two component spinor which obeys the Dirac equations degenerates into a single wave-function which obeys the Schrödinger equation, which can also be viewed as the continuous space limit of a continuous time quantum walk. The relativistic Madelung transform then becomes the usual Galilean Madelung transform. To prove that the hydrodynamical vision goes beyond a mere rewriting of the equations, we demonstrate through direct numerical simulations that the DTQW can actually model QFD shocks. We also present an analytical computation of the asymptotic Galilean shock structure through Pearcey integral commonly used in Optics.

Methods {#Sec2}
=======

The DTQW {#Sec3}
--------
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Introduce now two positive real numbers *m* and $\documentclass[12pt]{minimal}
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Dirac Eq. ([2](#Equ2){ref-type=""}) can be obtained from the Lagrangian density $\documentclass[12pt]{minimal}
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New variables {#Sec6}
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In terms if these new variables, the Lagrangian density and the stress energy tensor read $\documentclass[12pt]{minimal}
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Since *j* is time-like or null, one can define the density *n* of the (1 + 1)D Dirac fluid by $\documentclass[12pt]{minimal}
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Let us stress that the shock is present, not only at high resolutions, but also for resolutions as low as $\documentclass[12pt]{minimal}
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Analytical shock computation in the Galilean regime {#Sec9}
---------------------------------------------------

We now present an analytical computation which reproduces the shock solution in the Galilean limit where the DTQW becomes a continuous time quantum walk and the Dirac equation goes, as shown in the [Supplemental Material](#MOESM1){ref-type="media"}, into the ($\documentclass[12pt]{minimal}
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In the large-*m* limit, this integral can be computed by making use of methods that are standard in optics^[@CR33]^ and involve Pearcey's integral^[@CR34]^ defined by$$\documentclass[12pt]{minimal}
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Conclusion {#Sec10}
==========

We have shown through a novel generalization of the Madelung transform that one of the simplest DTQWs on the line can be considered as a minimalist model of quantum fluids. This conclusion has been supported by numerical simulations which show that, even within the coherence limit of current experiments, the DTQW evolves an initial condition already considered in the literature into a quantum hydrodynamic shock^[@CR29],[@CR30]^. Thus, under current experimental conditions, DTQW can exhibit hydrodynamical behaviour and, therefore, be used to simulate quantum fluid dynamics. We have also computed the asymptotic shock structure analytically in the non-relativistic limit and proposed an extensive discussion of this limit in the [SM](#MOESM1){ref-type="media"}.

Quantum walks have already been linked to with hydrodynamics in^[@CR38],[@CR39]^, but these earlier results address the quantum Boltzmann equation and transport phenomena, and are thus quite different from those presented in this Letter.

Note that the quantum fluid described in this article exhibits a non-vanishing quantum pressure but its traditional pressure vanishes identically because the underlying QW is linear. The results presented in this article can be generalised to quantum fluids with non vanishing traditional pressure by working with non-linear QWs such as those already considered in^[@CR40]--[@CR42]^. The non-linearity of these walks can be reconciled with the linearity of Quantum Physics by viewing the non-linear terms as an effective description of (self-)interaction, generated for example by the coupling of QWs through gauge fields^[@CR21],[@CR43]--[@CR45]^. Let us note that non-linear QWs can in principle be realized experimentally, at least through non-linear optics experiments^[@CR46],[@CR47]^.

The present work should be extended to higher dimensions and higher spins. Also, classical pressure terms should be added by considering non-linear DTQWs^[@CR41]^, or DTQWs with site to site interactions. One should finally incorporate in the Madelung transform the natural coupling of DTQWs to gauge fields^[@CR21],[@CR44],[@CR45],[@CR48]^, thus obtaining novel models of superconducting quantum fluids or of quantum fluids in relativistic gravitational fields.
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